The effects of the relativistic corrections on the energy spectra are analyzed. Effective simulations based on manipulations of operators in the Sturmian basis are developed. Discrete and continuous energy spectra of a hydrogen atom with realistic nucleus mass in a strong magnetic field are computed. The transition from regularity to chaos in diamagnetic problem with the effect of the nucleus recoil energy is explored. Anticrossing of energy levels is observed for strong magnetic field.
Introduction
A lot of works have been recently dedicated to the study of two-or multilevel systems such as Rydberg atom, excitonic systems, and nanoresonators [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Its great importance lies in its implication in different branches of physics: astrophysics [9, 12] , atomic physics [14] [15] [16] [17] , molecular physics [18, 19] , spectroscopy [20, 21] , solid state [22] , and plasma physics [23] . It leads to interesting quantum features such as soliton propagation [24] [25] [26] [27] [28] [29] [30] , entanglement [31, 32] , antibunching [33] , squeezing [34] , bistability [35] , and chaos [36, 37] .
The Rydberg atom in a static magnetic field is a simple system which can be investigated experimentally and theoretically. It turns out a prototype of quantum systems whose classical behavior may show chaotical dynamics [38] [39] [40] [41] [42] . Chaotic appearance results in the fact that for certain initial conditions the behavior of the dynamical system becomes unpredictable [43, 44] . Chaos is identified by high sensitivity to the initial conditions. Indeed a system with degrees of freedom is regular if there are independent constants of motion [45] . These constants of motion allow remaining unchanged, for instance, the regularly spaced energy levels [38] .
Consequently many researches have been carried out to discover the connections between classical and quantum chaos through Rydberg atoms in strong static fields [46, 47] .
To a large degree, the justification for this concern is attributable to the relevance of chaos in manifold branches of science such as physical, chemical, biological, electrical, and socioeconomical systems [38, 40, 41, [48] [49] [50] [51] [52] [53] [54] . In physics, this problem is related to the atomic magnetism [55] especially to explore the impact of the diamagnetic effect [38, 56] on the energy diagrams: the overlapping and the anticrossing of energy levels. Several techniques [57, 58] have been performed to explore the complete part of a magnetic field.
The hydrogen atom in a strong magnetic field was explored [3, 12, 38, 55, 59, 60] . The hydrogenoid and nonhydrogenoid atoms in the presence of the external field were also studied [38, 59, 61, 62] . In the regime of strong external field, Delande has shown that the system behavior is qualitatively similar to that of the hydrogen atom [59] . All these works were limited to the nonrelativistic case. In our previous paper [63] , we have studied the effect of relativistic corrections on the regularity behavior of the hydrogen atom in a strong static magnetic field. This paper aims to complete the relativistic study by exploring other main effects, namely, the realistic proton mass and the energy recoil of the nucleus.
The paper is structured as follows. In Section 2, we introduce some fundamental quantum models that are directly related to our subject. We describe the numerical methods in Section 3. We calculate the eigenvalues and eigenvectors for different external magnetic fields in the Sturmian basis.
In Section 4, we introduce the effect of nucleus recoil energy and we present the results. Finally, conclusion is given in Section 5.
Model

The Bohr Model.
A succinct overview of the Bohr model which has connection to the hydrogen atom is useful and is requested [64, 65] . This model enables us to introduce fundamental quantities such us the Bohr radius and the ionization energy. Moreover, the energies determined by Bohr theory are entirely the eigenvalues of the Hamiltonian. This semiclassical model has been established on the hypothesis that the electron describes a circular orbit of radius around the proton satisfying the following equations [55] :
The term − 2 / of the first equation is the corresponding potential energy of the electrostatic interaction between the proton and the electron. In this expression, 2 is written as
where is the elementary electric charge, whereas V 2 / is the kinetic energy of the relative motion of the proton and the electron. The ratio of to is close to 1800. Thus, the reduced mass of this system is very near to :
In this study, we substitute the electron mass with the correction term / into the expression of the effective mass.
In the second equation the term 2 / 2 expresses the Coulomb force which is applied to the electron. The term V 2 / is the acceleration of the electron in uniform circular motion.
To explain the existence of the stable discrete energy levels, the Bohr quantization rules were established. Besides, the energies given by this model are in agreement with quantum mechanical theory [66] :
where is the principal quantum number and ℏ is Planck's constant.
In atomic units ( = = ℏ = 1), the energy eigenvalues equation (4) becomes
From this expression, Bohr derived the transmission wavelength between different levels of , using the Rydberg constant for a nucleus of infinite mass [67] :
The dynamic symmetry group has simplified the study of the hydrogen atom (with 6 degrees of freedom). This group is generated by the constants of motion, namely, the angular momentum ⃗ , the Runge-Lenz vector ⃗ (defined by ⃗ = ( ⃗ ∧ ⃗ )/ − ⃗ / ), and the energy . For a weak perturbation the group SO4 is appropriated to explain the degeneracy of the energy levels in nonrelativistic dynamics. However, for the global investigation of the discrete and continuous states, the use of the symmetry group SO(2,2) is required in particular for strong perturbations. In Section 3, more details are given about the group representation of SO(2,2) for hydrogen atom excited by a magnetic field.
Relativistic Corrections in an External Strong Magnetic
Field. We introduce Dirac's equation in order to take into account the relativistic effects. The energy levels are now relying on two quantum numbers: the principal quantum number and the quantum number associated with the total angular momentum of the electron ⃗ = ⃗ + ⃗ . It can be written as follows [48] :
where is the fine structure constant which defines the scale of the splitting:
The Dirac equation is generally used as a Taylor expansion in power of 2 as follows [48] :
Dependence 1/ 3 of the fine structure is immediately apparent in this expression. We studied this effect in our previous paper [63] . Dirac theory takes into account the quantum and the relativistic nature of the electron; however, it does not reflect accurately the finite mass of the nucleus. In the equations above, the mass of the nucleus is still considered infinite. To take into account the finite mass, we substitute in the Dirac equation the mass of the electron by the reduced mass = /( + ) of the electron-proton system ( is the proton mass). Furthermore we add other corrections to the energy levels obtained. The first is a relativistic correction due to the recoil of the nucleus. It is of the order of 2 with respect to the ground state energy of the hydrogen atom. Its expression is quite simple [48] :
Replacing the electron mass by the reduced mass, the expressions of the energies (4) and (10) 
Over the last three decades, several works have been dedicated to the understanding of Rydberg atoms, highly excited hydrogen atom, in strong static fields. These studies have led to high-resolution numerical spectra as well as improving the accuracy of the calculations of the magnetic field in many problems [48, 68] . If the contribution of the electromagnetic field compared to undisturbed energies is equal or higher, then the magnetic field is strong. In our context, chaos can be realized in the experiment with Rydberg states ( = 30, 31).
We will study later this effect on energy diagrams. We write the Hamiltonian of hydrogen atom in a uniform magnetic field as [63] 
where 1 , , and are defined as follows [66] :
The eigenenergies of the Hamiltonian are given in (9) . In this relation 2 is the rest-mass energy of the electron, 0 = 2 /2 + ( ) is the nonrelativistic Hamiltonian, and the following terms
describe the fine structure. ⃗ and ⃗ represent, respectively, the orbital and spin moments of the atom, ⃗ is the radius-vector of the atomic electron, and designs the angle between ⃗ and ⃗ . The paramagnetic term is the origin of the linear Zeeman effect offering the splitting of the atomic levels, while the diamagnetic energy term is responsible for the complex nature of the problem.
Since is a constant of the motion, the linear Zeeman energy plays no significant role in the dynamics [68] . For high levels, the diamagnetic term rapidly dominates the paramagnetic one, and it may even become comparable to or greater than the Coulomb term itself, leading to a complete modification of the structure of atomic spectra. In fact the linear Zeeman (paramagnetic) term is independent of , while the diamagnetic term is proportional to 4 . The hydrogen atom Hamiltonian becomes nonseparable when the diamagnetic term is included [68, 69] .
In this paper we are studying the effect of the diamagnetic term (in atomic units
is responsible for the chaos manifestation. As an important criterion, chaos appears when the value of the diamagnetic term is comparable to the unperturbed energies [59, 68] .
Computation Method
All computed spectra presented in this paper are obtained by digitalization of the Hamiltonian matrix in a suitable basis. It is worth noting that the spherical Sturmian basis has been applied for the study of hydrogen atom in a magnetic field. Our simulations are performed by developing a code based on MAPLE in which we can add new correction effects. It is advantageous to choose the Sturmian basis well adopted to dynamic symmetries and it does not saturate the computer memory.
Spherical Sturmian Basis.
Computing the spectra of diamagnetic hydrogen in a spherical Sturmian basis was firstly used by Edmonds [70] . Clark and Taylor [68] recognized the importance of being able to shift the length scale of the basis relying on the region of energy and field. Delande applied a complex rotation to the Sturmian basis to compute the spectrum of the diamagnetic hydrogen for positive energy, being aware that this technique has already been extended to other atoms [38] .
Efficient calculations are provided by this basis choice which needs several considerations of symmetry [71] . All hydrogenoid states that share the same value are mixed; therefore, it is a need to consider a dynamic group of diverse states. It is acknowledgeable that the group SO(2, 2) applies the previous criterion. In fact, this group is founded on the eigenstates that are themselves the basis of the Sturmian functions. On one hand, this basis enables the global representation of states' space (discrete, continuum). On the other hand, it results in the loss of orthogonality of the basis vectors.
The Sturmian basis is the proper basis describing the system of two oscillators equivalent to the Rydberg atom. We are able to express the Schrödinger equation in function of these generators ( ⃗ ( ) , ⃗ ( ) ) of dynamic group SO(2, 2). They are defined, respectively, on an adjustable parameter [38] :
where semiparabolic coordinates ( , ]) are defined as
while the momentums ( , ] ) are defined as
and is the -component of the angular momentum. These 6 variables are not independent:
Thus the dynamic variables ( ⃗ ( ) , ⃗ ( ) ) represent the classical form of the quantum generator of the dynamic group SO(2, 2).
The Hamiltonian "oscillator" obtained coincides with its expression in the context of the classic mechanic:
with = 1/ √ −2 .
We can write a more general equation by taking any value of the adjustable parameter [57] . We find
with
In the Sturmian basis, the eigenvalues of the hydrogen Hamiltonian are obtained by solving the generalized eigenvalue problem (20) .
The spherical Sturmian basis functions are [72] 
where ( ) ( ) is the radial Sturmian function:
and is the associated Laguerre polynomial. The full eigenfunctions used can be written as
Then, the matrix element of the diamagnetic term
Evaluation of the angular matrix elements is then easy. The corresponding matrix elements of the square position operator 2 are written as [68] 
are nonzero only for | − | = 0, 1, 2, 3, | − | = 0, 2, and at these points take the following forms: 
The investigation of Clark and Taylor [68] has revealed that it is usually advisable to select higher values of ; In our simulation we used = 2/ in order to be close to the ionization limit.
Our numerical simulations consist in diagonalizing the matrix representing the operator in a Sturmian basis. The matrix elements of the generators are independent of . (20) is equivalent to the general problem for eigenvalues of the form [59] ( − ) | Ψ⟩ = 0,
Numerical Method. Equation
where and are fixed matrices and and |Ψ⟩ are the eigenvalues and the eigenvectors searched.
Simulation at Fixed Magnetic Field.
In the case where we fix the magnetic field = / ( denotes the magnetic field in units of ≃ 2.35 × 10 5 ) after opting for = 0 = , we obtain an equation in the generalized eigenvalues with [59] 
that determines the energy levels.
Simulation at Fixed Energy.
In this simulation we choose = 0 = and we fix the energy. So that we get an equation in the generalized eigenvalues with [59] 
that establishes the spectrum of magnetic field values related to the fixed energy. Both types of the simulations give the same outcomes.
Diagonalization Algorithm and Convergence Criterion.
The matrix components of the generators ( ⃗ ( ) , ⃗ ( ) ) in a Sturmian basis are restricted to some selections' rules. It is well known that the matrix eigenvalue problems, generally to be solved, are real symmetric matrices in strips [38] .
Currently, stable numerical algorithms have been developed in order to calculate the eigenvalues and eigenvectors [48] .
We provide an adoptable parameter 0 to verify the convergence for each type of the simulations. In fact, 0 is connected to the natural frequency of the basic oscillator selected. The accuracy of the examined values is not reliant on this parameter. Exact searched values are not dependent on this parameter.
Numerical Results and Discussion
Energy Diagrams.
We use the simulation at fixed magnetic field and we plot for a large number of points diagrams = ( 2 ) in Figures 1, 2 , and 3. calculated by the simulation technique described in Section 3.2.1 for weak magnetic field ( < 3 ) and for the principle quantum number = 30. The rovibration structure is completely removed (inter--mixing). We observe that, for a weak magnetic field, the classical dynamics is regular. 5 ) computed with a simulation described in Section 3.2.1. The calculation is done for a strong magnetic field (9 < < 18 ) for both levels = 30 (dotted red line) and = 31 (solid blue line). Mixing between the energy levels of = 30 and = 31 is observed.
( < 3 ): diamagnetism breaks the zero-field -degeneracy of the hydrogen atom.
We can explain this by the fact that, in very weak field ( -system intermixing), the degeneracy of the levels (the rovibrational structure) proportional to 2 is completely removed by the diamagnetic term. It is visible that regular system disturbed by a weak perturbation remains essentially regular for the reason that the diamagnetic interaction is a perturbation of the Coulomb dynamics. That is a regular regime: there is no sensitivity on initial conditions. At high magnetic field, as shown by Figure 2 , the different energy levels ( = 30, = 31) essentially cross.
Indeed for a highly excited state with principal quantum number , the diamagnetic interaction scales as Figure 3 : Diagram of the energy levels of the hydrogen atom in the strong magnetic field for = 30 computed by the simulation described in Section 3.2.1. We note that for a high magnetic field the energy levels anticross. This is an indication of the chaos emergence.
the zero-field as 1/ 2 . The strong field regime is obtained when [38] 
This is achieved with ≃ 30 and ≃ 9 . The rotational and vibrational energy levels really cross. By increasing the magnetic field, in Figure 3 , we observe that more states anticross. The classical smooth transition from regularity to chaos agrees well with this result.
The Effect of the Nucleus Recoil Energy.
In this section, we use the second simulation, simulation at fixed energy, where we have plotted 2 as a function of the angular momentum . We introduced the recoil energy effect given, in atomic unit, by
which takes into account the relativistic effects. we recall that the levels shift due to this effect can be written as [68] 
This recoil energy has been introduced with which we have realized the simulation with nucleus of finite mass. The result of the simulation is shown in Figure 4 , where the distinction between the nucleus having a finite mass (diamond line) and the one having an infinite mass (circle line) is very clear. This difference can be justified by the fact that the term (33) is the amount of three contributions. The first contribution is the kinetic energy in which the electron mass and not the reduced mass of the system manifests
The second contribution is the Darwin term which takes into account the electron delocalization but not the nucleus: Finally, the third contribution is the spin-orbit which shows the interaction between the electron magnetic moment and the magnetic field of the nucleus seen in the proper frame of the electron. Therefore we should take into consideration the nucleus speed since the nucleus of finite mass is being in motion.
Conclusion
We have studied the diamagnetic behavior of a hydrogen atom highly excited in a strong magnetic field considering the realistic finite mass of the nucleus. The results reveal that when the magnetic field is weak, the diamagnetic term removes the degeneracy of the energy levels. The system is totally regular: it is possible to affect quantum numbers to the various energy levels. However, with increasing magnetic field any symmetry will be destroyed and the energy levels will be crossed; there is an unruffled transition from regularity to chaotical dynamics. At higher magnetic field, the dynamic is totally chaotic and quantum spectrum includes only large anticrossing.
